The purpose of this paper is to find the quantities and surfaces of a line congruence via examining it in the dual space and to represent the results more appropriately for computational approximations. For this, we take mainly two-dual parameter motion on the dual unit sphere (DUS) so, we get a line congruence corresponding this motion by a new method. Thus, the equations of the developable surfaces, the principal surfaces, the focal surfaces and the center surface of the line congruence are found by coordinate functions. The results are illustrated by examples.
Introduction
Line geometry generally investigates the lines of 3-dimensional real space and their motions. These lines construct a line space. Projective, dual and vectorial representations are used to examine the properties of elements of this space. Plücker [18] is the first person who represented the lines by ordered six-tuples. The first three elements of this ordered six-tuples represent the coordinates of direction vector and the last three elements represent the moment vector of this direction vector with respect to the origin of a line. Study [22] , one of the Plücker' s students, moved this representation of lines to the dual vector space via combining dual numbers which constructed by Clifford [5] . Thus, he showed that a line corresponds to a point on the DUS.
Line complexes, line congruences and ruled surfaces are elements of the line space. These elements are described by a three-parameter, two-parameter and one-parameter motion of a line in 3-dimensional real space, respectively and are often used in optic, mechanic, space kinematics and robot motion planning. That is why computation of differential geometric properties of these elements are important.
In Euclidean 3-space, a two-parameter set of lines is called a line congruence. For instance, the normal vector field of a surface constitute such a line congruence. So it is in the form of a director or reference surface and a unit direction vector field. There are a lot of study about line congruences. Previously, this subject was a theoretical, especially in the application of optics began to gain importance. The importance of line congruences has also increased with the developing technology. In today's technology, the motion of a hot wire at the end of a robotic arm is essentially the movement of a line in space. Blasckhe [3] , investigated the line congruences to found its geometric properties and certain surfaces in ID-Module. Shephard [21] , studied about first order invariants of line congruences using the method of moving frames and gave a geometric meaning of these invariants. Larochelle and tec. [16] , aimed to combine 4C mechanism with a line congruence for visualization. For this process, they firstly determine the representation of line congruences which appropriate for both workstation and immersive virtual reality computer graphics. Jüttler and Rittenschober [14] , studied about determination of rational curves and surfaces on the line congruence. Abdel-Baky [1] , gave differential geometric properties to classify the line congruences. Odehnal [17] , found a way to the rational parametrization of isotropic line congruences.
For example, Köse [15] revealed a method for determination of developable ruled surfaces of a line congruences. But his method' s solution belongs to the special parameters. His determination is not general for describing the developable surfaces of a line congruence.
In this paper, we found general equations to determine the surfaces of a line congruence. For the convenience of some long term equations, abbreviations have been used for trigonometric functions such as: cos(u) := c(u), sin(u) := s(u)
Fundamentals

Line geometry
In this section, we introduce some elements of the line space. 2.1.2. Line congruence. In R 3 , a two-parameter family of lines can be defined as
are base surface and generator vector field, respectively. Thus, k draw a line congruence in 3-dimensional real space. For example, the tangent vector field of a regular surface constitute a line congruence. Line congruences are geometric objects that include many types of ruled surfaces, [3, 8, 19] . Another representation of the elements of the line space will be given in the next section.
Study model
A dual number is represented by a + εb, a, b ∈ R where ε 2 = 0. Here we use symbol D for the set of dual numbers. The number 1 + ε.0 is called dual unit number and represented by ordered pair (1, 0 ). If f is an analytic function then it can be expanded to the power series of the function which is converging in a certain interval:
Then, if we apply this definition to the dual parameter function we get
We can give some examples to concretize, sin(x + εy) = sin(x) + εycos(x), cos(
In D 3 , the inner product of two dual vectors is defined by
where X = x + εx and Y = y + εȳ. Then we can define the dual unit vector:
So, X is a dual unit vector iff
The set of dual unit vectors is called DUS. Therefore, a straight line can be represented by a dual unit vector
As known, a straight line L can be determined by a point A and a unit vector x in 3-dimensional real space. Letx be moment vector of L with respect to the origin then the normalized Plücker coordinate of a line can be represented by an ordered pair (x,x) = (x, a × x). On the other hand, since the determination of the moment vector is independent of the choice of point on the line we can give the relation: a = x ×x [3, 4, 6, 8, 10, 15, 18, 19, 20, 22, 23] . Definition 2.1. The dual angle between two dual vectors X and Y can be represented bŷ
where the dual angle between two lines, the angle between direction vectors and the shortest distance between two lines are denoted byˆ (X, Y), (x, y) and d(X, Y), respectively, [3, 9, 10, 22] .
There is a one-to-one relation between lines and dual unit vectors from Study' s transference principle. Then, the motion of a line in 3-dimensional real space correspond to the motion of a point on DUS, [22] . If we convert the dual representation to the real one we get, [3, 8, 22] r(u, v) = a(u) + λx(u), λ ∈ R.
Dual vector representation of a line congruence.
In a similar way, we can determine the dual vectorial form of the line congruence as two-parameter motion of a point on DUS
One can convert the dual representation to get the real one, [3, 8] 
Surfaces of the line congruence
Let's look at the inner metric of the line congruence described by equation (2.3) to determine its ruled surfaces. Let take dual arc element of DUS
so, first and second fundamental forms and dual arc element can be written as follows, [3] [I] = edu 2 + 2f dudv + gdv 2 , (See for more calculations [3] ).
Definition 2.3.
In a similar way of the theory of surfaces, the directions which providing the differential equation (2.6) are called principle surfaces of the line congruence, [3] .
Definition 2.4. If the value of the distribution parameter, which is undefined, is set to infinity, then there is a special type of ruled surfaces: developable surfaces. These surfaces can be mapped isometrically into the Euclidean plane in the sense that arc lengths are preserved. For developable surfaces of the line congruences, we equate the equation (2.5) to the zero identically, [3] ;
[II] =ēdu 2 + 2f dudv +ḡdv 2 = 0.
(2.7)
Definition 2.5. We know that two-parameter motion of a line in 3-dimensional real space draws a line congruence. So, if we choose one of the two parameters constant, then line draws a ruled surface just as the other parameter stay constant. Then, the line of the congruence has two striction points on the each line. During two-parameter motion, these points form two surfaces:focal surfaces. All the lines of the line congruence are tangent to these surfaces at the focal points. The equations of focal surfaces are given by, [3, 11, 19 ]
Definition 2.6. The middle point of the two striction point on the main line is called central point and the equation of the locus of these points is given by
The equation (2.9) shows the central surface of the line congruence for all u, v parameters, [3, 19] .
Methodology
In this section, we introduce a line congruence from a two-dual parameter vector function. We previously described the function
These functions are called synectic functions, [3, 22] . Similarly, we can describe one-dual parameter vector function
This type congruences are called by one-parameter synectic congruences, [3, 22] . On the other hand, DUS can be parametrized by 
Results
All of the results were obtained from the equation ( Then, we find the partially differential equations of principal surfaces of the line congruence in terms of coordinate functions. Example 2. Let us consider the line congruence in the previous example. We know thatū(u, v) = u − v and v(u, v) = u + v. So we can find following differential equations
Putting these values into the equation (4.5) we find
Then the dual vector equations of principal surfaces are (see Fig.1 )
)(−sinu, cosu, 0) + (u + π 2 )(0, 0, −1)] and Ξ 2 (u) = (−cosu, −sinu, 0) + ε[(u + π 2 )(sinu, −cosu, 0) + (u − π 2 )(0, 0, 1)]. 
On the Line Congruences
Developable congruence surfaces
For the developable surfaces of the line congruence, we put the equation ( From the solutions of the above partial differential equations we get ∂v ∂u c(v)).
Focal surfaces and central surface
Conclusion
In this paper, we examined that the differential geometric properties of the line congruences. Therefore, equations of the surfaces of a line congruence have been obtained in terms of coordinate functions. Especially, it is important that getting an explicit equation which belongs to the developable surface of the line congruence. So, we have found general solutions for determining the surfaces of the line congruence. For the future studies, it is possible to look at the ruled surfaces of this study. In addition, other types of congruence can be researched. Specifically, the type of focal surfaces can be determined and the link between them can be investigated. Of course, the motion of the spacelike and timelike vectors can be studied with the Minkowski space-time geometry in a motion of the type in this study.
